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Odd frequency (odd-ω) electron pair correlations naturally appear at the interface between BCS
superconductors and other materials. The detection of odd-ω pairs, which are necessarily non-
local in time, is still an open problem. The main reason is that they do not contribute to static
measurements described by time-local correlation functions. Therefore, dynamical measurements,
which depend on non-local time correlations, are suitable for detecting these pairs. In this work,
we study the signatures of odd-ω pairs in the supercurrent noise through a weak link between two
superconductors at different superconducting phases. We show that the finite frequency current
noise can be decomposed into three different contributions coming from even frequency (even-ω),
odd-ω pair amplitudes, and electron-hole correlation functions. Odd-ω pairing, which is inter-lead
(between electrons at different sides of the junction), provides a positive contribution to the noise,
becoming maximal at a superconducting phase difference of pi. In contrast, intra-lead even-ω pair
amplitude tends to reduce the noise, except for a region close to pi, controlled by the transmission
of the junction.
INTRODUCTION
Fermionic wavefunctions change sign under the ex-
change of two particles or, equivalently, under the
exchange of two electron labels. This leads to the
SP ∗OT ∗ = −1 rule [1, 2], which denotes a sign change
after the overall exchange of spin (S), position (P ∗), or-
bital (O) and time (T ∗) indexes. In conventional single
band (O = +1) BCS superconductors, Cooper pairs are
spin-singlet (S = −1), and even in time and spatial co-
ordinates. In contrast, p-wave pairs are spin-triplet pairs
(S = +1), anti-symmetric under the exchange of spatial
coordinates (P ∗ = −1). In addition to these two possi-
bilities, the SP ∗OT ∗ = −1 rule predicts the existence of
electron pairs, which are odd under the exchange of time
arguments, i.e., odd-ω pairs.
Spin-triplet odd-ω superconductivity was firstly pro-
posed by Berezinskii in the context of 3He [3? ]. Al-
though the existence of these pairs has been ruled out
in 3He, the idea of generating odd-ω pairs has driven an
intense research activity in the condensed matter com-
munity (for recent reviews see Refs. [2, 4]). It has been
demonstrated that electron-electron interactions medi-
ated by phonons cannot stabilize an odd-ω gap by it-
self [5]. In contrast, other mechanisms, such as spin,
charge, or current fluctuations, may be favorable [6–
8]. Disordered systems [9, 10], heavy fermion com-
pounds [11–15], topological materials [16–18], and multi-
band superconductors [19–22] have been suggested to
host odd-ω pairs in the equilibrium situation. Alter-
natively, odd-ω pairs can also appear in driven conven-
tional superconductors, where time translation symmetry
is broken [23].
Another possibility to stabilize odd-ω pairs is by
proximitizing BCS superconductors to other materials,
therefore breaking at least one of spatial translation,
spin-rotation, or sub-orbital symmetries. At the in-
terface of the two materials, a change on the sign of
S, P ∗, and O labels is accompanied by a sign change
on T ∗. The conversion between S and T ∗ parity may
be generated by breaking spin-rotation symmetry either
through a Zeeman field in ferromagnet-superconductor
interfaces [24, 25], ferromagnetic insulators [26], or sys-
tems with spin-orbit coupling [27–33]. A conversion be-
tween the parities of O and T ∗ is found at the interface of
multiband superconductors, [27, 28, 34, 35]. Similarly, a
conversion between the parities of P ∗ and T ∗ is realized in
systems where only translation symmetry is broken [36–
38].
More recently, the presence of odd-ω pairs has been
predicted to appear at the vicinity of non-magnetic im-
purities [39, 40], magnetic impurities [41–43] and Joseph-
son junctions [44]. In this work, we revisit a system of
this kind, namely two weakly coupled superconductors.
In this case, there occurs a conversion between the parity
of the lead index (P ∗) and T ∗.
The detection of odd-ω pairs is still an open problem.
The difficulty arises from the fact that odd-ω pairs have
vanishing pair amplitude at equal time. Therefore, static
measurements would have to disentangle the dynamic
contribution from odd-ω and conventional contribution
to detect the presence of Berezinskii pairs. For this rea-
son, odd-ω pairing is sometimes also referred as hidden
order [45]. Instead, dynamic measurements, depending
on non-local correlation functions in time, represent nat-
ural probes to detect the presence of these pairs. In the
past, the effects of odd-ω pairs have been analyzed in
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2the density of states [18, 29, 38, 41–43] and spectral den-
sity [17, 21, 34, 46], Josephson current [31, 35, 44, 47],
Meissner effect [22, 33, 48], optical conductivity [49], spin
and charge susceptibilities [7, 44, 50] and the current
noise through normal leads [51]. Also, spin measure-
ments have been used as an indirect evidence of the pres-
ence of odd-ω pairs [52, 53]. Very recently, the Majorana
bound states have been proposed as a sensitive probe to
the presence of these pairs in conventional superconduc-
tors [39].
In this work we focus on the supercurrent noise as a
possible probe of inter-lead odd-ω pair correlations. Cur-
rent noise was evaluated within the tunnel Hamiltonian
approach [54? –56], as early as the Josephson effect was
first proposed [57]. However, leading order calculations
in the tunneling amplitude only account for intra-lead
contributions to the noise. The pair correlations that we
are interested in here occur at all order in the tunneling
amplitude, thus, becoming more pronounced at higher
transparencies. For high transparent junctions, the mul-
tiple Andreev reflections at the interface lead to the onset
of the Andreev bound states (ABSs) [58, 59]. At finite
phase difference, they appear inside the superconduct-
ing gap, dominating the equilibrium transport proper-
ties through the junction. In the past, the supercurrent
fluctuations have been extensively analyzed in Josephson
junctions [60–74].
In this work, we show that the supercurrent noise in
a weak link between two superconductors can be decom-
posed into three different contributions in the equilib-
rium situation: a normal contribution, coming from the
electron-hole correlation function, an intra-lead even-ω
contribution, which tends to reduce the noise, and an
inter-lead odd-ω contribution, which dominates close to
the superconducting phase difference pi.
The rest of the paper is organized as follows: In Sec. ,
we specify the model and the Green functions formalism
for evaluating the expectation values, with the details
of the calculation given in the Appendix . In Sec. , we
demonstrate the results with regards to the pair corre-
lations, and the noise at finite frequencies. The conclu-
sions of our work are summarized in Sec. . An alternative
derivation of the current noise from the imaginary-time
formalism and using fluctuation-dissipation theorem is
presented in Appendix .
MODEL AND FORMALISM
We consider two bulk superconductors coupled
through a weak link, described by the Hamiltonian
H = Hleads +HT , (1)
where
Hleads =
∑
ν,k,σ ξν(k)c
†
ν,kσcν,kσ
+ ∆
∑
ν,k(c
†
ν,k↑c
†
ν,−k↓ + H.c.) (2)
with k being the electron momentum, σ the spin and
ν = L,R. The superconducting gap, ∆, is taken to be
the same for both leads for simplicity, and considered
real. The tunneling between the two superconductors is
described by
HT =
∑
k,k′σ
[
Vk,k′ c
†
L,kσcR,k′σ + H.c.
]
, (3)
with Vk,k′ being the tunneling amplitude. We take the
wideband limit, which considers the tunneling ampli-
tude to be energy-independent and described by Vk,k′ =
V eiφ/2 with φ being the superconducting phase dif-
ference between the two electrodes. Hereafter we use
~ = kB = e = 1.
We treat this problem using the non-equilibrium Green
functions formalism. In the Keldysh contour, the Green
functions are defined as
Gˆαβµν (t, t
′) = −i
〈
TcΨˆµ,k(t)Ψˆ†ν,k′(t′)
〉
, (4)
where Tc is the time order operator in the contour and
α, β = ± denote the Keldysh branch for t and t′, re-
spectively. We define the Nambu spinor as Ψˆ†ν,k =
(c†ν,k↑, cν,−k↓) with µ, ν = L,R and the hat is used to
denote the implicit Nambu structure. The problem can
be solved using the retarded and advanced components
of the Green functions, which have simple relations to
the Keldysh ones. For instance, the time-ordered Green
function can be computed as
Gˆ++µν (ω) = nF(ω) Gˆ
a
µν(ω) + [nF(ω)− 1] Gˆrµν(ω) , (5)
where a/r denote the advanced/retarded component of
the Green function and nF(ω) is the Fermi distribution
function. The full retarded and advanced Green func-
tions can be obtained by solving the Dyson equation
(analytic expressions are given in Appendix ). These
functions have two poles located at ω = ±A, with
A = ∆
√
1− τ sin2(φ/2) being the energy of the ABSs
formed at the interface between the two superconduc-
tors. Here, τ = 4V 2/W 2/(1 + V 2/W 2)2 is the normal
transmission coefficient and W = 1/piρF , where ρF is
the density of states at the Fermi level.
The current operator can be determined as the time
derivative of the electron number operator at one side of
the constriction. It is given by
I(t) = i V
∑
k,k′
TrN
{
σˆz
[
eiφ/2ΨˆR,k′(t) Ψˆ
†
L,k(t)
−e−iφ/2ΨˆL,k′(t) Ψˆ†R,k(t)
]}
, (6)
3FIG. 1. Real (left panel) and imaginary (right panel) part
of the intra-lead pair amplitude at the left lead. We take
τ = 0.97, T = ∆/10 and η = ∆/100.
where TrN and σˆz denote the trace and the Pauli matrix
in the Nambu space. In this system, the supercurrent
is carried by the ABSs. The mean current has a very
compact expression, given by
〈I〉 = ∆2τ sinφ
2A
tanh
( A
2T
)
, (7)
where T is the temperature. We note that the mean
current, corresponding to taking the mean value in Eq.
(6), only depends on the diagonal Nambu components
and, therefore, does not contain information about pair-
ing mechanism in the system. In contrast, the higher or-
der cumulants of the current distribution have terms that
depend on the off-diagonal Nambu components of the
Green functions evaluated at two different times. This is
essential to have a finite contribution of the odd-ω pair
amplitude.
The current noise spectrum is calculated as
S(Ω) =
∫ ∞
−∞
dω [C(ω,Ω) + C(−ω,Ω)] (8)
where Ω is the frequency. The excess current-current
correlation function is given by the Fourier transform of
C(t, t′) = 〈δI(t)δI(t′)〉 with δI(t) = I(t)− 〈I(t)〉 and the
current operator is given in Eq. (6). In terms of the non-
equilibrium Green functions given in the appendix , the
excess current-current correlation function is given by
C(ω,Ω) = TrN
 ∑
ν=L,R
Σˆνν¯
[
Gˆ+−ν¯ν (ω)Σˆνν¯Gˆ
−+
ν¯ν (ω + Ω)
+ Gˆ+−ν¯ν¯ (ω)Σˆνν¯Gˆ
−+
νν (ω + Ω)
]}
, (9)
where ν¯ denotes the opposite lead to ν. Here ΣˆLR =
(ΣˆRL)
∗ = V exp(iφ/2σˆz). We note that Eq. (9) contains
FIG. 2. Real (left panel) and imaginary (right panel) part of
the inter-lead pair amplitude. The parameters are the same
as in Fig. 1.
contributions that depend on the intra-lead and inter-
lead pair amplitudes, absent in the current expression
(6), which are analyzed in detail in the next section.
RESULTS
Pair correlation
We begin the section by analyzing the pair amplitude
between electrons in the junction, defined in the station-
ary regime as
fµν(ω, φ) =
[
Gˆ++µν (ω)
]12
=
−i
∑
k,k′
∫ ∞
−∞
dω eiωt 〈T cµ,k↑(t)cν,−k′↓(0)〉 , (10)
where T is the causal time order operator, η is an in-
finitesimum and the super-indexes denote the Nambu off-
diagonal component of the Green function (4).
We first mention that electron pairs in the junction are
spin-singlet (S = −1), as there is no mechanism breaking
the spin rotation symmetry. The intra-lead pairing at the
left electrode is given by
f
r/a
LL (ω, φ) =
(
1 + eiφV 2/W 2
)
∆
√
∆2 − (ω ± iη)2
W [(ω ± iη)2 − 2A] (1 + V 2/W 2)
,
(11)
where the causal component is given by Eq. (5). The ex-
pression in Eq. (11) is even in frequency, consistent with
the SP ∗OT ∗ = −1 rule and fr/aRR (ω, φ) = fr/aLL (ω,−φ).
The pair amplitude is represented in Fig. 1 for a high
transmitting junction. Two sharp features are observed
at ω = ±A related to the onset of ABSs in the junc-
tion. The real part is positive for |ω| < A, decaying for
frequencies bigger than the ABS energy. The imaginary
4part exhibits a positive peak at |ω| = A with a contri-
bution at |ω| < A that changes sign at φ = pi. Addition-
ally, the imaginary part shows an important contribution
for |ω| > ∆ close to φ = 2npi, which decays towards pi.
In particular, the intra-lead, even-ω pair amplitude van-
ishes at φ = pi for a perfect transmitting junction, where
the two ABSs merge at zero energy (not shown). This
is in agreement with previous calculations showing that
even-ω pair amplitudes are suppressed at the vicinity of a
magnetic impurity close to the singlet to doublet ground
state transition, where two ABSs meet at zero energy
[41].
The inter-lead pair amplitude is given by
f
r/a
LR (ω, φ) =
iτ∆ (ω ± iη) sin(φ/2)
2V [(ω ± iη)2 − 2A]
, (12)
and f
r/a
RL (ω, φ) = f
r/a
LR (ω,−φ). The inter-lead pair ampli-
tude is odd in frequency (T ∗ = −1) and anti-symmetric
under the exchange of spatial indexes (P ∗ = −1), con-
sistent with the SP ∗OT ∗ = −1 rule. Eq. (12) is pro-
portional to the transmission factor, becoming maximal
for τ = 1. The odd-ω pair amplitude is represented in
Fig. 2. As shown, it vanishes at pi = 0 (mod 2pi), where
it changes sign, becoming maximal at φ = pi. We note
that the phase of the inter-lead odd-ω pair amplitude is
a 4pi periodic function of φ (12). This in contrast to its
modulus which, similarly to the intra-lead pair amplitude
(11), is 2pi periodic. As shown in Fig. 2, the real part
of the odd-ω contribution has only a finite value at the
ABS energy, controlled by the chosen η parameter. The
imaginary part is also maximum at |ω| = A, showing a
finite contribution for |ω| > A. In contrast to fLL, the
inter-lead pair amplitude does not vanish when the two
ABSs merge together for τ = 1 and φ = pi, but it gets
enhanced instead.
Finite frequency noise
FIG. 3. Finite frequency noise, where we show: a) Total value, b) electron-hole, c) even-ω and d) odd-ω contributions as a
function of the phase difference. The parameters are the same as in Fig. 1.
In this section we analyze the current noise at finite
frequency, computed using Eq. (8). To analyze the sig-
natures of the different pair amplitudes, we factorize the
current noise spectrum into contributions coming from
even-ω and odd-ω pair amplitudes and electron-hole cor-
relation functions, which is the only one remaining in
the normal state. As commented above, the even-ω and
odd-ω contributions are given by the Nambu off-diagonal
component of the intra- and inter-lead Green function,
respectively. Therefore, the excess current-current corre-
lation function in Eq. (9) can be decomposed as
5Ce(ω,Ω) =
∑
ν,n
Σˆnnνν¯
[
Gˆ+−ν¯ν¯ (ω)
]nn¯
Σˆn¯n¯νν¯
[
Gˆ−+νν (ω + Ω)
]n¯n
, (13a)
Co(ω,Ω) =
∑
ν,n
Σˆnnνν¯
[
Gˆ+−ν¯ν (ω)
]nn¯
Σˆn¯n¯νν¯
[
Gˆ−+νν (ω + Ω)
]n¯n
, (13b)
corresponding to the even and odd-ω contributions.
Here, the super-index n = 1, 2 runs in the Nambu
space and the electron-hole contribution is given by
Ce−h(ω,Ω) = C(ω,Ω) − Ce(ω,Ω) − Co(ω,Ω). An al-
ternative representation of each of these components is
outlined in Appendix using equilibrium Green functions.
The total current noise is represented in panel a) of Fig.
3 and the three different contributions to the noise are
shown in panels b) to d), for a high transmitting junction.
We first note that the noise rises up at |Ω| > ∆ + A,
corresponding to transitions between the ABSs and the
continuum of states. This behavior is dominated by the
electron-hole contribution, which is always positive. In
contrast, the even-ω pair amplitude tends to reduce the
current noise for almost any phase difference, except close
to pi. It leads to a strong suppression of the noise at
φ = 0 (mod 2pi), where even-ω pair amplitude becomes
maximal for frequencies larger than the superconducting
gap, as shown in Fig. 1. Close to φ = pi, the even-ω
contribution becomes smaller exhibiting a sign change,
which is better seen in the subgap features. Finally, the
contribution from the odd-ω pair amplitude is negligible
for |Ω| > ∆ + A.
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FIG. 4. Noise at Ω = ±2A (black line), decomposed into
electron-hole (green), even-ω (blue) and odd-ω (red). We
show cases for τ = 1, 0.97 and 0.1, from left to right. The
lowest transmission case has been scaled up for clarity. The
remaining parameters are the same as in Fig. 3.
The sharp feature at Ω = ±2A due to transitions be-
tween the ABSs is analyzed in Fig. 4 for different trans-
mission factors. For a perfect transmission situation (left
panel of Fig. 4), the contributions from even-ω and odd-
ω pair amplitudes cancel out, leading to a vanishing noise
at almost any phase difference, except close to φ = pi. At
φ = pi, where the two ABSs merge at zero energy, we
observe a peak in the noise which scales up with tem-
perature. At this point, the odd-ω and the electron-hole
contribution are equally important, while the even-ω one
vanishes.
For a non-perfect, but high transmitting situation
(middle panel of Fig. 4), we observe a similar cancellation
between even and odd-ω contributions for a wide range
of superconducting phases. However, close to φ = pi the
even-ω changes sign, enhancing the current noise peak
close φ = pi for τ < 1. The sign change on the even-ω
contribution happens for
φe = arccos (−τ) , mod(2pi) , (14)
providing a positive contribution to the noise for φ ∈
(φe, 2pi − φe) (mod 2pi). We note that, for Ω = ±2A
the sum of even and odd-ω is equal to the electron-hole
contribution for any transmission and phase difference,
except close to φ = 0, where odd-ω contribution vanishes
and the even-ω one becomes negative. Therefore, at the
points where the even-ω vanish given by Eq. (14), the
odd-ω contribution is 1/2 of the total noise.
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FIG. 5. Zero frequency noise (black line), decomposed into
electron-hole (green), even-ω (blue) and odd-ω (red). We
show cases for τ = 1, 0.97 and 0.1, from left to right. The
remaining parameters are the same as in Fig. 3.
For a very low transmission factor (right panel of Fig.
4), we observe a strong suppression of the noise, consis-
tent with the result found in Ref. [60]. Similarly to the
high transmitting situation, the current noise exhibits a
peak at φ = pi due to the three contributions in the three
components. In this limit, the sign change on the even-ω
contribution happens at φ = pi/2, corresponding to the
limit τ → 0 in Eq. (14).
6The current noise at zero frequency is shown in Fig. 5
for the same parameters as in Fig. 4. We note that the
zero frequency noise depends on the temperature, vanish-
ing in the T → 0 limit. For the perfect transmission sit-
uation, the current noise exhibits a peak at φ = pi. Both
electron-hole and odd-ω contributions are positive for the
whole range of superconducting phases, while the even-ω
pair amplitude shows a dip, vanishing at φ = pi. We note
that the sign of the even-ω component at zero frequency
is opposite to the one at Ω = ±2A and |Ω| > ∆ + A.
For a non-perfect transmitting junction, the current noise
exhibits a dip at φ = pi, due to a cancellation between
the even and the odd-ω contributions. The maximum of
the zero frequency noise is located at the superconduct-
ing phase difference given by Eq. (14), where the even-ω
contribution vanishes and the odd-ω and electron-hole
contributions are equally important. In the right panel
of Fig. 5 we show the zero frequency noise for a low
transmitting junction, which exhibits two peaks locate
at φ = pi/2 +npi, where the even-ω contribution vanishes
and the odd-ω one is 1/2 of the total noise.
Finally, in Fig. 6 we show the current noise in the
tunnel limit τ  1. In this regime, the ABSs stick at
A = ±∆, with all the subgap features being suppressed.
In this regime, the current noise is dominated by tran-
sitions between the continuum states, |Ω| > 2∆. The
main contribution is provided by the electron-hole corre-
lation functions, represented in panel b), which exhibits
a weak phase dependence. The supercurrent noise ex-
hibits a maximum at φ = pi and a minimum at φ = 0.
This behavior is controlled by the even-ω contribution,
which changes sign at φ = pi/2 + npi, becoming negative
for φ ∈ (pi/2, 3pi/2) mod(2pi). In the low transmission
regime the odd-ω contribution is suppressed, consistent
with the fact that odd-ω pair amplitude scales linearly
with the transmission factor according to Eq. (12).
FIG. 6. Finite frequency noise in the tunnel limit, where we show: a) Total value, b) electron-hole, c) even-ω and d) odd-ω
contributions as a function of the phase difference. The parameters are the same as in Fig. 1, with τ = 0.1.
CONCLUSIONS
In this work, we have shown the onset of odd-ω elec-
tron pairs at the interface between two superconductors
at different phases. They are spin-singlet pairs formed by
electrons at different superconducting leads. While they
do not contribute to the Josephson current, they provide
an important contribution to the current noise for high
transmitting junctions. In certain regimes, the contribu-
tion of the odd-ω component to the noise is as large as
the sum of the other contributions. To explore relative
strength of different channels we factorized the equilib-
rium current noise into contributions from electron-hole
correlation functions and even-ω and odd-ω pair ampli-
tudes. The odd-ω contribution is always positive, sim-
ilarly to the electron-hole, becoming maximal at a su-
perconducting phase difference φ = pi. In contrast, the
even-ω contribution tends to reduce the current noise for
a wide range of superconducting phase differences, ex-
cept for a range close to pi, controlled by the transmis-
sion factor. Our results pave the way to reveal the odd-ω
Berezinskii pairing through the current noise. One would
need to measure phase-biased junctions to probe a strong
contribution from the odd-ω in Josephson junctions.
This relatively simple picture can be modified by self-
consistent effects, which lead to the appearance of several
7solutions close to a phase difference pi [58, 75], also in-
ducing intra-lead odd-ω pair amplitudes.
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Green functions formalism
The equilibrium Green functions of the bare electrodes
are described by [59]
gˆr/aµν (ω) =
δµν
W
√
∆2 − (ω ± iη)2
(−ω ± iη ∆
∆ −ω ± iη
)
,
(15)
where η is an infinitesimal to avoid the divergence of the
Green functions at ω = η. Here, µ, ν = L,R and the hat
denotes the Nambu space. In this space, the tunneling
matrix is given by
VˆLR = V
(
eiφ/2 0
0 −e−iφ/2
)
, (16)
and VˆRL = Vˆ
∗
LR. In order to obtain the inter-lead Green
functions, which determine the current through the sys-
tem, we solve the Dyson equation, containing informa-
tion about all-order tunneling processes between the elec-
trodes. In frequency space, it is given by
Gˆr/aµν (ω) = gˆ
r/a
µν (ω)δˆµν +
∑
α=L,R
gˆr/aµα (ω)Vˆαα¯Gˆ
r/a
α¯ν (ω) ,
(17)
were the bar over the lead subindex is used to denote
the opposite lead. The solution to the equation for the
inter-lead components is given by
Gˆ
r/a
LR (ω) = Vˆ
−1
RL G˜
r/a
LR (ω)− Vˆ −1RL , (18)
where correlation effects are described by the auxiliary
function G˜
r/a
LR = (1ˆ − VˆRL · gˆr/aL · VˆLR · gˆr/aR )−1. Its ex-
pression is given by
G˜
r/a
LR (ω) =
1
[(ω ± iη)2 − 2A] (1 + x2)2
(
(1 + x2)(ω ± iη)2 −∆2(1 + eiφx2) x2∆(ω ± iη)(e−iφ − 1)
x2∆(ω ± iη)(eiφ − 1) (1 + x2)(ω ± iη)2 −∆2(1 + e−iφx2)
)
(19)
where x = V/W and
A(φ) = ±∆
√
1− τ sin2(φ/2) , (20)
is the energy of the Andreev bound states (ABSs) with
τ = 4x2/(1 + x2)2.
In a similar way
Gˆ
r/a
RL (ω) = Vˆ
−1
LR G˜
r/a
RL (ω)− Vˆ −1LR , (21)
with G˜
r/a
RL = (G˜
a/r
LR )
∗.
The intra-lead Green functions at each side of the junc-
tion can be obtained through the Dyson Equation, find-
9ing
Gˆr/aνν (ω) = G˜
r/a
µν (ω) · gˆr/aνν (ω) . (22)
The Keldysh Green function can be obtained in the equi-
librium situation as
Gˆ+−µν (ω) = nF(ω)
[
Gˆaµν(ω)− Gˆrµν(ω)
]
, (23a)
Gˆ−+µν (ω) = [nF(ω)− 1]
[
Gˆaµν(ω)− Gˆrµν(ω)
]
, (23b)
where nF(ω) is the Fermi distribution function.
The current can be computed through the time evolu-
tion of the electron number operator in one side
I(t) = i [HT, NL]. (24)
Using Eq. (3) and NL =
∑
k,σ c
†
L,kσcL,kσ, we get the
following expression for the current operator
I(t) = V
∑
k,k′,σ
{
ieiφc†L,kσ(t) cR,k′,σ(t) + H.c.
}
. (25)
The summation over spin may be traded for a summation
over holes, giving rise to the expression Eq. (6), whose
mean value is given in terms of the Keldysh Green func-
tions as
〈I〉 = TrN
{
σˆz
∫
dω
[
VˆLRGˆ
+−
RL (ω)− VˆRLGˆ+−LR (ω)
]}
.
(26)
Integrating the expression, and noticing that the contri-
bution outside the gap vanishes, we obtain the expression
in Eq. (7)
Expression for current noise in the imaginary-time
formalism
Using Eq. (25), we can evaluate the current-current
susceptibility in the imaginary time formalism
χ(t, t′) = −〈TtδI(t) δI(t′)〉
=
∑
k,k′p,p′α,β {Vk,k′ Vp,p′ 〈Tt : c¯L,kα(t+ δ) cR,k′α(t) :: c¯L,pβ(t′ + δ) cR,p′β(t′) :〉
− Vk,k′ V ∗p,p′ 〈Tt : c¯L,kα(t+ δ) cR,k′α(t) :: c¯R,pβ(t′ + δ) cL,p′β(t′) :〉
− V ∗k,k′ Vp,p′ 〈Tt : c¯R,kα(t+ δ) cL,k′α(t) :: c¯L,pβ(t′ + δ) cR,p′β(t′) :〉
+V ∗k,k′ V
∗
p,p′ 〈Tt : c¯R,kα(t+ δ) cL,k′α(t) :: c¯R,pβ(t′ + δ) cL,p′β(t′) :〉
}
,
where δ is a small time displacement and the semicolons indicate that the pairing terms should be discarded in
evaluating δI(t). Applying Wick’s Theorem to the 4-point imaginary-time-ordered correlation functions, and using
the fact that for spin-singlet pairing and time-independent potentials the 2-point correlators are given by
〈Tt cν,kα(t) c¯ν′,k′β(t′)〉 = −δαβ Gνν′(k, k′; t− t′), (27a)
〈Tt cν,kα(t) cν′,k′β(t′)〉 = −(i σy)αβ Fνν′(k, k′; t− t′), (27b)
〈Tt c¯ν,kα(t) c¯ν′,k′β(t′)〉 = (i σy)αβ F¯νν′(k, k′; t− t′). (27c)
The current-current susceptibility is given by
χ(t− t′) = 2 ∑k,k′,p,p′ {Vk,k′ Vp,p′ [−GRL(k′, p; t− t′ − δ)GRL(p′, k; t′ − t− δ)
+FRR(k
′, p′; t− t′) F¯LL(p, k; t− t′)
]
+ Vk,k′ V
∗
p,p′ [GRR(k
′, p; t− t′ − δ)GLL(p′, k; t′ − t− δ)
−FRL(k′, p′; t− t′) F¯RL(p, k; t− t′)
]
+ V ∗k,k′ Vp,p′ [GLL(k
′, p; t− t′ − δ)GRR(p′, k; t′ − t− δ)
−FLR(k′, p′; t− t′) F¯LR(p, k; t− t′)
]
+ V ∗k,k′ V
∗
p,p′ [−GLR(k′, p; t− t′ − δ)GLR(p′, k; t′ − t− δ)
+FLL(k
′, p′; t− t′) F¯RR(p, k; t− t′)
]}
. (28)
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Performing a Fourier transform χ(i νn) =
∫ 1/T
0
dt ei νnt χ(t), where νn = 2npi T and expressing the Green’s functions
in terms of fermionic Matsubara frequencies, Eq. (28) may be rewritten as
χ(i νn) = 2T
∑
ωm,k,k′,p,p′
{
Vk,k′ Vp,p′
[−ei ωmδ GRL(k′, p; i ωm + i νn)GRL(p′, k; i ωm)
+FRR(k
′, p′; i ωm + i νn) F¯LL(p, k; i ωm)
]
+ Vk,k′ V
∗
p,p′
[
ei ωmδ GRR(k
′, p; i ωm + i νn)GLL(p′, k; i ωm)
−FRL(k′, p′; i ωm + i νn) F¯RL(p, k; i ωm)
]
+ V ∗k,k′ Vp,p′
[
ei ωmδ GLL(k
′, p; i ωm + i νn)GRR(p′, k; i ωm)
−FLR(k′, p′; i ωm + i νn) F¯LR(p, k; i ωm)
]
+ V ∗k,k′ V
∗
p,p′
[−ei ωmδ GLR(k′, p; i ωm + i νn)GLR(p′, k; i ωm)
+FLL(k
′, p′; i ωm + i νn) F¯RR(p, k; i ωm)
]}
. (29)
Next, we use the spectral representation of the Green’s functions
Gνν′(k, k
′; z) =
∫∞
−∞ dω
′ Aνν′(k,k′;ω′)
z−ω′ , (30a)
Fνν′(k, k
′; z) =
∫∞
−∞ dω
′ Bνν′(k,k′;ω′)
z−ω′ , (30b)
F¯νν′(k, k
′; z) =
∫∞
−∞ dω
′ B¯νν′(k,k′;ω′)
z−ω′ , (30c)
and the sum over Matsubara frequencies
T
∑
ωm
1
(i ωm + i νn − ω2) (i ωm − ω1) =
nF(ω1)− nF(ω2)
i νn − ω2 + ω1 , (31)
to re-express Eq. (29) as a double integral over real frequencies with a common denominator. The only factor that
contains the imaginary Matsubara frequency, i νn, is described by
χ(i νn) =
∑
k,k′,p,p′
∫∞
−∞
∫∞
−∞ dω2 dω1
nF(ω1)−nF(ω2)
i νn−ω2+ω1
× {Vk,k′ Vp,p′ [−ARL(k′, p;ω2)ARL(p′, k;ω1) +BRR(k′, p′;ω2) B¯LL(p, k;ω1)]
+ Vk,k′ V
∗
p,p′
[
ARR(k
′, p;ω2)ALL(p′, k;ω1)−BRL(k′, p′;ω2) B¯RL(p, k;ω1)
]
+ V ∗k,k′ Vp,p′
[
ALL(k
′, p;ω2)ARR(p′, k;ω1)−BLR(k′, p′;ω2) B¯LR(p, k;ω1)
]
+V ∗k,k′ V
∗
p,p′
[−ALR(k′, p;ω2)ALR(p′, k;ω1) +BLL(k′, p′;ω2) B¯RR(p, k;ω1)]} . (32)
Using the spectral representation for the susceptibility as a function of a complex frequency
χ(z) =
∫ ∞
−∞
dΩ
pi
ρ(Ω)
z − Ω , (33)
and comparing with the expression Eq. (32), we can verify that the expression for ρ(Ω) amounts only to substituting
nF(ω1)− nF(ω2)
i νn − ω2 + ω1 → pi δ(Ω− ω2 + ω1) [nF(ω1)− nF(ω2)].
Furthermore, using the Fluctuation-Dissipation Theorem to relate the noise power S(Ω) with the spectral density
ρ(Ω)
S(Ω) = coth
(
Ω
2T
)
ρ(Ω) (34)
The expression can be simplified using hyperbolic trigonometric identities, finding
coth
(
Ω
2T
)
[nF(ω1)− nF(ω2)] δ(Ω− ω2 + ω1) = 1
2
[
1− tanh
( ω1
2T
)
tanh
( ω2
2T
)]
δ(Ω− ω2 + ω1)
we get the following expression for the excess current-current correlation function
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Ce−h(ω,Ω) = pi2
∑
k,k′,p,p′
[
1− tanh (ω+Ω2T ) tanh ( ω2T )]
× [−Vk,k′ Vp,p′ ARL(k′, p;ω + Ω)ARL(p′, k;ω) + Vk,k′ V ∗p,p′ ARR(k′, p;ω + Ω)ALL(p′, k;ω)
+ V ∗k,k′ Vp,p′ ALL(k
′, p;ω + Ω)ARR(p′, k;ω) −V ∗k,k′ V ∗p,p′ ALR(k′, p;ω + Ω)ALR(p′, k;ω1)
]
, (35)
Ce(ω,Ω) =
pi
2
∑
k,k′,p,p′
[
1− tanh (ω+Ω2T ) tanh ( ω2T )][
Vk,k′ Vp,p′ BRR(k
′, p′;ω + Ω) B¯LL(p, k;ω) + V ∗k,k′ V
∗
p,p′ BLL(k
′, p′;ω + Ω) B¯RR(p, k;ω)
]
, (36)
Co(ω,Ω) =
−pi
2
∑
k,k′,p,p′
[
1− tanh (ω+Ω2T ) tanh ( ω2T )][
Vk,k′ V
∗
p,p′ BRL(k
′, p′;ω + Ω) B¯LR(p, k;ω) + V ∗k,k′ Vp,p′ BLR(k
′, p′;ω + Ω) B¯RL(p, k;ω)
]
, (37)
which correspond to the electron-hole, even-ω and odd-ω
contributions. In case of a weak link between two su-
perconductors, the summations over momenta simplify
and we can use the end-site Green’s functions, and their
corresponding spectral functions. We identify the terms
containing Aνν′ as the electron-hole contribution. Fi-
nally, each contribution to the noise can be computed
through Eq. (8), where the total noise will be the sum of
the three contributions in Eqs. (35-37).
